We theoretically show that, despite Earnshaw's theorem, a non-rotating single magnetic domain nanoparticle can be stably levitated in an external static magnetic field. The stabilization relies on the quantum spin origin of magnetization, namely the gyromagnetic effect. We predict the existence of two stable phases related to the Einstein-de Haas effect and the Larmor precession. At a stable point, we derive a quadratic Hamiltonian that describes the quantum fluctuations of the degrees of freedom of the system. We show that in the absence of thermal fluctuations, the quantum state of the nanomagnet at the equilibrium point contains entanglement and squeezing.
According to the Einstein-de Haas and the Barnett effect [1, 2] , a change in the magnetization of an object is accompanied by a change in its rotational motion. In particular, if the magnetic moment of a magnet is varied by a single Bohr magneton, it must rotate with an angular frequency /I about the magnetic moment axis to conserve angular momentum. Here I is its moment of inertia about the rotation axis. For a Cobalt sphere of radius R, this corresponds to a frequency /I ≈ 2π × 10
6 Hz/(R[nm]) 5 , where R[nm] is the radius in nanometers. This clear manifestation of the quantum spin origin of magnetization, as prescribed by the gyromagnetic relation, is hence boosted at the nanoscale [3] [4] [5] .
In this Letter, we explore the role of the quantum spin origin of magnetization in magnetic levitation. Earnshaw's theorem [6] , very relevant in this context, prevents magnetic levitation of a non-rotating ferromagnet in a static magnetic field. The theorem can be circumvented by mechanically spinning the magnet, as neatly demonstrated by the Levitron [7] [8] [9] [10] , which is a magnetic top of a few centimeters. At the single atom level, magnetic trapping with static fields is also possible by exploiting the fast Larmor precession of its quantum spin [11, 12] . In this case, the atom is, from the mechanics point of view, a point particle without rotational degrees of freedom. A magnetic nanoparticle lies in between the Levitron and the atom as both its rotational degrees of freedom and the quantum spin origin of magnetization have to be accounted for. Can a non-rotating magnetic nanoparticle, despite Earnshaw's theorem, be stably levitated with static magnetic fields?
We show in this Letter that this is the case. In particular, we predict two stabilization mechanisms that crucially rely on the quantum spin origin of the magnetic moment. At low (large) magnetic fields, the Einstein-de Haas effect (the Larmor precession of its magnetic moment) stabilizes levitation. These results are obtained by deriving a quadratic Hamiltonian which describes the linearized dynamics of the degrees of freedom of the magnet (center-of-mass motion, rotation, and magnetization dynamics) around the equilibrium point. We further show that in the absence of thermal fluctuations, the equilibrium state exhibits both quantum entanglement and squeezing of its degrees of freedom. As discussed in the conclusions, these results could be used to bring and control the rich physics of levitated nanomagnets in the quantum regime.
We consider a single magnetic domain nanoparticle (nanomagnet hereafter) in an external static magnetic field B(r). The nanomagnet is modeled as a spherical rigid body of mass M , radius R, and with uniaxial magnetocrystalline anisotropy [13] . The dynamics are described in the body frame Oe 1 e 2 e 3 , with e 3 aligned to the direction of the anisotropy axis. The body frame is obtained from the laboratory frame Oe x e y e z by the rotation R(Ω), as defined in [14] , where Ω = {α, β, γ} are the Euler angles. The Hamiltonian of the system in the body frame is given by [14] H =p
HereĴ ≡L + μ/γ 0 is the total angular momentum (excluding the center-of-mass angular momentum), S ≡ − μ/γ 0 the spin angular momentum [15] ,L the rigid body angular momentum,μ the magnetic moment operator, and γ 0 > 0 the gyromagnetic ratio [16] . The macrospin approximation is assumed, namely that the total magnetization is constant, which results in S 2 = S(S + 1)1 with S ≡ N f for N identical spin f constituents of the nanomagnet [17] . The first (second) term in Eq. (1) represents the center-of-mass (rotational) kinetic energy of the nanomagnet. The third term represents the uniaxial magnetocrystalline anisotropy, whose strength is parametrized by D ≡ 4πR 3 k a /(3 2 S 2 ) with k a being the material-dependent anisotropy constant [17] . The last term represents the magnetic dipolar interaction, where B(r, Ω) ≡ R(Ω)B(r The degrees of freedom of the system, namely the centerof-mass motion, the rotational motion and the magnetization dynamics, are thus described by 12 independent dynamical variables (see [19] for further details). In the following, we address whether the nanomagnet can stably levitate for a given set of physical parameters of our model: mass density ρ M , magnetization ρ µ , k a , R, B 0 , B , and B .
Let us first obtain the equilibrium configuration of the system. By writing the Heisenberg equations of motion for the nanomagnet in semiclassical approximation [19] , the following relative equilibrium is found (see Fig. 1 ): (i) The center of mass is fixed at the center of the trap; (ii) The orientation is given by the body frame aligned to the laboratory frame (e 3 e z ) and rotating about e 3 at the frequency ω S ≡ − L 3 /I; (iii) The magnetic moment lies along the anisotropy axis e 3 and is anti-aligned to the magnetic field B(0) = B 0 e z . The stability of this relative equilibrium is analyzed in the frame co-rotating with the system [19, 20] . This is obtained via the unitary transformationÛ = exp(−iω SL3 t) which transformsĤ intoĤ + ω SL3 .
The linear stability of the system is determined by the dynamics of the fluctuations of the degrees of freedom around the equilibrium. The evolution of small fluctuations can be described as a collection of interacting harmonic oscillators through the bosonization procedure presented in [14] . The fluctuations of the center-of-mass motion are described by three independent harmonic oscillators:ẑ
for the motion along e z , and
for the transverse motion, wherer ± =x ± iŷ andp ± =p 
The harmonic oscillators describing the fluctuations of the rotational degrees of freedom are obtained as follows. A Holstein-Primakoff mapping generalized to the case whereĴ 2 is not conserved [21] leads toĴ
The k-bosonic mode ([k,k † ] = 1) describes the fluctuations ofĴ 3 around Ĵ 3 = −J ≡ −Iω S / − S. As discussed below, we assume J 1. The j-bosonic mode ([ĵ,ĵ † ] = 1) describes the fluctuations ofĴ 2 around Ĵ 2 = J(J + 1). Since the components ofĴ in the laboratory frame commute withĴ 3 andĴ ↓↑ , they need to be bosonized separately aŝ
The with m, k = ±1, 0. The exact bosonization of these operators is given in [14] in terms of the j-k-m-bosonic modes. The fluctuations of the magnetic moment under the macrospin approximation (Ŝ 2 = S(S + 1)1 with S 1) can be described by the standard HolsteinPrimakoff approximation, namely [15, 22] 
The s-bosonic mode describes fluctuations ofŜ 3 around Ŝ 3 = S. In summary, the fluctuations of the degrees of freedom of the nanomagnet around the equilibrium illustrated in Fig. 1 are described by 7 bosonic modes.
Let us now derive the Hamiltonian describing the dynamics of these bosonic modes. Note that sinceL 3 = J 3 +Ŝ 3 is a constant of motion, the bosonic modes are constrained by
. Together with the assumption of a slowly rotating nanomagnet, namely |Iω S / | S, which implies J 1, the bosonization procedure transformsĤ + ω SL3 into a quadratic Hamiltonian that depends on 6 bosonic modes: for n = 1, 2 . . ., and can thus be safely neglected. The quadratic Hamiltonian readŝ
The first term describes the fluctuations of the center-ofmass motion along e z , whereΨ
The second term describes the fluctuations of the other degrees of freedom, whereψ
Here we defined η ≡ S/J, the Larmor frequency ω L ≡ γ 0 B 0 , the anisotropy frequency ω D ≡ DS, the Einsteinde Haas frequency ω I ≡ S/I, the frequencies
, and the coupling strength g ≡ ω L B σ T /B 0 . As shown below, the hierarchy between ω L , ω D , and ω I plays a crucial role in the stability of the nanomagnet.
The linear stability of the equilibrium can be determined by the Heisenberg equations of motion
Here
The dynamics of the system are completely characterized by the characteristic polynomials of iK Z and iK T . Linear stability occurs when the roots of the polynomials have zero real part [20] . The characteristic polynomial of iK Z reads P Z (λ) = λ 2 + ω 2 Z , which has purely imaginary roots for B > 0. The matrix iK T can be block diagonalized in two 5 × 5 complex conjugate blocks whose characteristic polynomial is given by
, where
The analysis of P Z (λ) and P T (λ) as functions of the physical parameters of the problem provides the stability diagram of a magnetically levitated nanomagnet, as discussed below. These polynomials can be alternatively obtained either by using classical equations of motion, or via the linearized Heisenberg equations of motion in semiclassical approximation without performing the bosonization, see [19] . The procedure performed here allows to obtain the quadratic HamiltonianĤ q describing the quantum fluctuations around equilibrium as well as the quantum properties of the states in equilibrium.
Let us now analyze the linear stability of the system in the non-rotating case, see [19] for the ω S = 0 case. The stability phase diagram is shown in Fig. 2 . This is a two-dimensional phase diagram with the x-axis given by the bias field B 0 and the y-axis given by the radius of the nanomagnet R. The remaining physical parameters are fixed, see caption of Fig. 2 . Two stable phases are found. The Einstein-de Haas (EdH) phase appears at low magnetic fields and for small radius. In this regime, the dynamics of the magnetization is dominated by the anisotropy interaction (ω D ω L ). Due to the small moment-of-inertia-to-magnetic-moment ratio (ω I ω L ), the angular momentum contribution of the macrospin stabilizes the system through the Einsteinde Haas effect [1] . The atom (A) phase appears at high magnetic field bias (ω L ω D ). In this regime, the nanomagnet behaves like a magnetic atom of mass M and spin S [11, 12] : the anisotropy interaction can be neglected and the magnetic moment undergoes a free Larmor precession about the local magnetic field direction. The approximated expressions for the borders of the stable phases, given in the caption of Fig. 2 , can be analytically obtained from the discriminant of the characteristic polynomials [19] .
The stability diagram shows that a non-rotating nanomagnet can be stably levitated in a static field configuration. This opens up the possibility to cool the thermal fluctuations of the degrees of freedom to the quantum regime. The feasibility and analysis of such an experimental proposal will be addressed elsewhere [23] . Let us now analyze the properties of the quantum state at the equilibrium in the absence of thermal fluctuations. This state corresponds to the vacuum state |0 of the normal eigenmodes of the quadratic Hamiltonian Eq. (10)
At each stable point of the phase diagram, the transformation T exists [24] and can be constructed as follows. One can now analyze the properties of the vacuum state |0 , which is a multi-mode Gaussian state, by the 10 × 10 covariance matrix [26] 
Note that theb Z -bosonic mode is not included in Θ since it is decoupled from all the other modes. The five 2 × 2 diagonal blocks (
correspond to the covariance matrices of the a-modes. The off-diagonal blocks describe the correlations between the modes. Entanglement in the pure state |0 can be quantified by P ≡ 5 − a P a , where P a = [2 det(Σ a )] −1 [27] is the purity of the a-bosonic mode. This characterizes the bipartite entanglement between one mode and the remaining four. Single-mode squeezing can be quantified via the squeezing parameter ξ ≡ 1/ 2 min k (θ k ), where θ k are the eigenvalues of Θ [26] . Fig. 2 shows P and ξ as a function of B 0 for a given R in the stable phases. Bipartite entanglement and single-mode squeezing are thus present in the |0 state of a magnetically levitated nonrotating nanomagnet.
In conclusion, we showed that the quantum spin origin of the magnetization stabilizes magnetic levitation of a non-rotating nanomagnet, despite the Earnshaw theorem. Such a quantum-spin-stabilized levitation opens the door to experiments aiming not only at demonstrating the predicted phase diagram, but also at bringing a non-rotating nanomagnet to the quantum regime, whose equilibrium states show non-trivial quantum correlations. There are many directions left for further research, some of which we are currently addressing [23]: The experimental proposal and feasibility analysis to prepare the |0 state by sympathetically cooling the degrees of freedom of a levitated nanomagnet near a flux dependent microwave cavity; The analysis and the potential applications (e.g. spin squeezing for magnetic sensing) of the quantum dynamics generated by placing the nanomagnet at the unstable regions of the phase diagram; Levitating, coupling, and cooling several nanomagnets in the quantum regime to study quantum nanomagnetism in a unique substrate-free environment. We hope that such results and their potential applications will trigger further theoretical and experimental research to levitate nanomagnets in the quantum regime.
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